4. Integral transform method

u(x,t) — Ulk,t) = f u(x, t)le " |dx... Fourier transform

e.g., au (x, t) 82 8” (x’t ikx 82 ikx
5 =aax2u(x,t)—>f 9 )e /de:faaxzu(x,t)e “dx
dU(k, 1)

— ——~=-ak U(k1) ... ODE

u(x,t) > Ux, p) = f u(x, t)le”"|dr... Laplace transform
0

eg.,
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8u(x,t)=a azu(x’t)_x/‘ Ou (x,1)
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a5 Ulx.p) .. ODE

u(x, 0): initial condition

— p U(x, p) - ¢(x)

p(x)

—ikx

e ”... kernel of integral transform

Using integral transform, PDE /s transformed to ODE.



5. Self-similar analysis

eg., )
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Transform* T (r,t) — O (w)
*Unlike Fourier and Laplace transforms, a way of transform is found out heuristically. = T
Partial derivative
e ..
eg, 2 T (1) 3 Total derivative
(= at’ Q= q C (a t) q: total heat, C: heat capacity... const. 2 5
94 9 9 > d d
0, O... dimensionless quantities => O could be given by a function of TU: Q = Q (w) at > Ir’ 42 Ao’ Jo’
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Function with Two Variables is self-similar to Function with a Single Variable
\ Y,

4wdQ2+(w+6)d—Q+gQ(w)=O .. ODE <

doo dwo

¢ = Using self-similar analysis, PDE is
transformed to ODE.



Numerical scheme for
diffusion equation
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Flowchart of numerical simulation:

Partial differential equation

—{ Discretization —> Difference equation

¢

Error (truncation error)

Solving process
=1 via four arithmetic N\ Approximate solution

operations

!

Error (round error)




Discretization



Model equation

1-dimensional thermal conduction equation (parabolic PDE).

2

i]-1—(1.8271:0

8 A 0X «: thermal diffusivity

Boundary condition: 7" (0, #) = b(z), T (1, 1) =d(z)

Initial condition: 7 (x, 0) =T, (x) forO0=sx<1

r A
T (0, t) = b(1) Solution domain /LT (1, t) e
\_> R )
Boundary condition| ‘Boundary condition’
t=0 >
0 Initial condition | 1 X

T (x,0)=T,(x) for0<x=<1



Differential equation and Difference equation

\ Differential equation \ Difference equation
2 n+l n n n n
iT—OL b T =0 T, —Tj_aTj_l—ZTj+Tj+]:
ot x> At Ax
continuous solution domain discrete solution domain
t A
|
0 I x
s N
T=T(x,1)
T is obtained at any ( X, t)_ T is obtained only at grid points (xj, t,,).
q P, j=1,2, ., j..n=0,1,2,..n_.




How to convert differential to difference (finite-difference method)

Taylor expansion

o'T Ax
— I (xj+l’ tn) =T (xj’ tn) ; % (xj’ tn) Ax+ ax2 (xj’ tn) Tx +0 (A x3) ... for space
2 2
T (3 tae) = T (5 ta) + 2L (1) A+ 20 (3, 0) 2L 4 0 (A7) jortime
at

3 3
[ o (A X ) o (A l ) ... 3rd and even higher-order terms of A x and A ¢ ]

T (x t)—T(xt)_azT

oT j+1obn jobn A x ( 2)
L N 0L (0 — . AX
0x (xf’t”) A x ax’ (XJ’ tn) 2 +0O|Ax
leading term 2nd and even higher-
1st-order order terms
L ) —~— —

T (x,01,) = T (x;,1,t,) =T (x;1,) Truncation error
dx \7on A x

... Forward-difference method (1st-order approximation)



High-order approximation

'3-point formula |

n 7 oT aT A o T A ¢
Tjor =T g () At S5 (38) S5+ 25 (w8) S+ 0(4)
T, =T,

9 2 3 3

n n 9T a T A T A ¢

T..,=T, -y (xj, tn) Ax+ o (xj, tn) 2x -5 (xj, tn) 6x +0 (Ax )

ok

aT/  +bT +cT, =(a+b+c) T/ +(-a+c) 9L (x,0,) Ax+(a+c) 5 (x,.1,)
X
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3
+ (—a + c) or (xj, tn) A6x + 0 (A x4)
X

whenaz—cz%,bzo =
aT _ Tjn+l T Tjn—l - 83T A x2
GRS = ERE

leading term (2nd-order) |

... Centered-difference method (2nd-order approximation)




Comparison between forward, backward, and centered-difference methods
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n
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centered difference... O \A X .
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/ . forward difference... O (A x)
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