Dispersion relation: w = w(k)... relation between frequency and wavenumber vector

... represents physical properties of a wave

* Phase velocity: v, = % k ... propagation speed of single-mode wave (k = kg in 1D case)

vV, always has the same direction as k.

*

p(r.t)=p (ke

Wave amplitude

P*(ko)

e Group velocity: v, = dw propagation speed of the envelope of multi-mode wave
¢ Ok (kg-Ak<k<ko+Akin 1D case)

Vg does not always have the same direction as k, except for 1D case.

Modulated wave amplitude
(it forms wave packet)
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Mathematical description of a multi-mode wave:

1D case

P (]/" l) :f p*(ko " Ak,) ei[(/<“+Akr’)r—\u(k“+Ak’)t} dAk/

< (ko + AK) - lw(ko) + 9w

[ Taylor expansion (Ist order) |

! ! a
Ak]t:kor—w(ko)t+Ak [r— (Tf

k =k

f p*(ko + Ak’) eiAk’ [r_ %kkot] dAk' ei(ko"—w(ko) 1)

= G(r— v, t)

_Jdw
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single-mode wave
o (]/‘, l‘) _ p*(ko) ei(koi”—w(ko) 1)




Propagation of single-mode wave

\_
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Ak =0 = no energy, single—-mode wave cannot be detected

Propagation of multi-mode wave

.

Ak #0 = non-zero energy, modulated wave (black pattern) can be detected
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Velocity diagram

Dispersion relation of sound wave: w (k) =+ k ¢

Phase velocity

= % k=+ck
[Vpl is independent of the direction of k (k)... isotropic
|vpl is independent of the magnitude of k (| & |)... non-dispersive

Yy

forward

Group velocity
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y = 0w _| ow isotropic wave
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Ok +k +k. 2k. v Equal to the phase velocity
k.

2 Nk +k + k.,



Physical properties of sound wave: (obtained from amplitude relations)

ewp,v =kp = /lk. longitudinal wave
ckev 20=V ey 20, compressional wave
* 2 * * *
ep =Cyp,mp,v =k p .. samephasefor p,, p, v,

.p*zg)okov*:plzg)okovlz

Po

o (— i) V e v,... phase difference of m/2 for p, and V * v,

Vey =ikev,



Magnetic wave

Py =0



Linearized ideal MHD equations

0p, (x,y,2,t
pl(atyz )=_p0v.vl(x,y,z,t)
ov, (x,y,2,t
pO1(-xai]Z)=—vpl(x,y7Z’t)+/}/0(VXBl(x’y’Z’Z))XBO
Op (%, 9,2,0) _ P 9p, (%,5,2,1)
ot fypo ot
aBl()gty’Z,t)=vX(vl(x’y?z’t)XBO)

pO:O,p1:0_>

a -x9 ’Z’t

pl(aty ) o 5V ey (x,,2,0)

av (X,y,z’t) 1
o PLERED L (9 By (13.2.0) % B
OB, (x,y,2,1)

= =V X (v (x,y,2,1) X By)



Dispersion relation of magnetic wave

8 xa ,Z,t
pi(x,y )=_p0V-v1(x,y,Z,f)

ot
ov, (x,v,z,t
IOO 1(8i; ):l}O(VXBI(xﬂyaz’t))XBO
OB, (x,y,2,1) pl(X,y,Z,t)=p*ei(k'r"“”)
=V X ,V,2, 1) X B o
ot \Y (V1 (X Y,z ) 0) v, (6, y,2,0) = v ez(k-r—(»t) — >
' Partial differential equations | B (t.y.2.0 g (ker-w)
—iwp*ei(k'r_"‘”)=_p0ik.v*ei(k'r—wt)
— —iwpov*ei(k-r—wt)zlul[ik . B*ei(k.r—wt)] x B, €i—f0rm
0

5 i (Taw . (b Vx?7=ikx?
—iwB el(kl‘ wt)=ik><[v el(kr wt)XBo] | |
Vx(?,xBo):ikx(?]xBo)
* % when B, is a constant vector
wp =pokev

differential operation

\ W Py V* = = L (k X B*) X B0 => algebraic operation
22

wB =—k x (V*XBO)

| Algebraic equations |

VeB,(x,,2,1) =0 ==eep ik e B (x,y,2,0)=0=k*B =0
oscillation direction of magnetic field L propagation direction

... common property



wp =pok

1 wB =—k

_wpov*=—lu10[k><B*]

*
ey

Mo

X [V x By|=—[(k*By) v — (k° v*) B,|

apply ke, B, to both hands

eB,=-[(k*B,)v - (k*v)B,|* B,
=B *B,=-|(k*B,)v *B,-(k*v')B

2

]

x By=—-L[(k+B,)) B — (B *B,) k|

triple vector product:
(AxB)xC=B(A+*C)-A(B*C)

We have to consider two directions, k and B,,.

° BO
T Ve R — 1 ’ . :

(wpov’) BO_(—m[ka ] XBy|*Bi _p[ 0B —0

=0 oscillation direction of velocity L magnetic field
... common property
ok
~ (w po v )-k:(—l[(koBo)B*— (B -Bo) k])-k
0
[} = — L [ ] [ ] — [ ] 2
= wp kev = 0[(k B,) (k*B)— (B *B,)k’| —
=0

2

eliminate B *B,, B
—>(w2—k2 "I (kev)=0
o Po

= vjo Alfvén speed

— 0=




B, :
,uoopo (k°v)=0 {




kev =0= V ey, =0 ... incompressional wave => Shear Alfvén wave

wp*:—p0k°v*—>p*=OJ

wpov*=—;0[k><3*]><BO=—;O[(k.BO)B*—(B*-BO)k]_

wB =—kx[v xB,|=—[(k*B,) v — (k=) B,
=0
\

wzpov*=—i[— (k-Bo)zv*+(k°Bo) (V*°Bo)k]

Ho

=0
l ... common property
L W = —_p 0 =+ kv, CcosO

RN /( =
dispersion relation 5 >

eliminate B
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Velocity diagram

Dispersion relation of shear Alfvén wave: w (k) = £

ke*B,
vV HoPo

=+kv, cost

Phase velocity

_ W7 _ A
vp—?k—ivAocosﬁk

A

[vp| is dependent on the direction of k (k)... non-isotropic
|vpl is independent of the magnitude of k (| & |)... non-dispersive

Group velocity

Ok,
9" |k By+k,0+k.0 HoPa
=+ ) Iy 0 .
8k" v oPo o
0. 0
ok

v, =V, cosO k

forward

backward

v, ==V, cos6 k

Confirm this is a circle.

Y A
backward k forward
Ve == "Vyo 6 Ve = Vao
o e
X
B,

Energy (wave packet) is always transported along magnetic field B,.




