What is a wave?

It is a time-dependent phenomenon in which a physical state is transported from
one location to other locations through a medium (what is transported is
physical state, not physical object). *° !
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Mathematical description of a wave
1-dimensional case |/ (k (x—a (1)) = [k [x —t)) =f(kx-wt

Vp v, v,: phase speed
m (k,\‘) —I> m (/\' (\ - Cl)) k: wavenumber (7» = 277[: wavelength)
> >
0 x 0O a , (t) L x w =k v,: angular frequency (7’ = 2—5: period)
)4

f(?) => profile of a wave )
9 ¢ =k x— wt: phase = physical state

Example: u (x,t)=f (kx— o) =cos (2x-31)

Trajectory of the same phase (= the same physical state) in (x, 7)-space:
¢=kx—wt=const.

d¢ *

— =0 (Lagrangian derivative) = & dx

’_'
v, = dx _ Y. phase speed
L Podt k

-n=0

Propagation speed of the same
phase (the same physical state)

cos (2x -3 1) = cos (2[x—gtD

The profile of "cos (2x)" moves toward positive X-direction at a speed of 3/2.
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3-dimenSionaI case ) sz;f kr=kf-r

=k(cosO% +sinf ) (x® +y}§)

4 =k, x+k,y=ker

x

u(x,y,z,t)=u*f(k°r—wt+qb0)
u: amplitude r = (x, v, z) k= (kx, k., kz): wavenumber vector => propagation direction

w: angular frequency V,= &k phase velocity ¢p=ker — wt+ ¢, phase

k
X .X
ker=|k, |e|y|=k.x+k,y+k_z
k. z

O=ﬁ=jt(k'r—wt+qbo) = k'%—wzo = kev,—-w=0 = kv,=w (becauseof k // v,
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Linear wave



Linear wave... small-amplitude wave

Decomposition of a wave: [~V = + |

Equilibrium part (time-independent) + Perturbed part (time-dependent)
pl ()C,y,Z,t) vl (X,y,Z, Z)

pO(-xayaZ) Vo(x,y,Z)EO

Py (x,y,2) By(x,y,2) p, (x,y,2,0) B, (x,y,2,1)
p(X,y,Z,t) pO(x7y’Z)+pl (xayyzat)
v(x,y,2,1) O0+v,(x,y,2,1)
p(x’y’z’t) pO(x’y7Z)+pl (xay’z’t)

B (x,y,z,1) By (x,y,2)+B,(x,y,z,1)

Perturbed part... much smaller than equilibrium part (19> [14)

=> product of perturbed parts is neglected
[14 X O4... 2nd-order = 0

'

Linear approximation



Linearized MHD equations for linear waves

Assumption:
Equilibrium part
pO (X,y,Z) = pO

pO (x,y,Z)=p0
B,(x,y,2) =B,

Ve

uniform... Plasmaand magnetic field are uniformly

distributed.

Substitute the decomposed form into ideal MHD equations (no diffusion):

Po+p, (X,y,2,1)
0+v,(x,y,2,1)

p0+p1 (X,y,Z,f)
B,+B,(x,y,z,1)

Confirm these are the same.
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ap+V°(pv):O

ot

[2) _ 1
p(3t+v Vv)— Vp+’u0(V><B)><B

o[ p Jr N\ o,
8:(7—1)+v (y—lv)_ PV Y adiabatic case
%? =V x (v x B) ... diffusion-free case

Entropy

s=c,In (S’) + constant

is conserved in the adiabatic case.
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1. a—i)+V°(pv):O

p0+p1 (X,y,Z,Z)
0+v,(x,v,2,0)

ot

— ap+V°(pv)=()]

/ a(p0+ pl (X,y,z, t))

ot

+HV e [(po+p (x,y,2,0) (0+ v, (x,y,2,0)][=0

9P,
ot

N

a pl (X,y,Z,f)
dt

[

J

v'(ﬂovl (.x,y,Z,t)'i'pl(x,y,Z,t) Vl(xay,Zat))zv°(Pov1 (xayazat))

2nd-order

=0 (po is constant) D1 01 =0 (po is constant)

p0V°V1 (X,y,Z,Z)

Linearized mass conservation equation

apl (X,y,Z,t) _

T = =y Ve v (x,,2,1) &4




WLy _ 1
2. p(Qsvevy)= Vp+ 1 (VxB)xB

Po+p (x,y,2,1)

0+v, (x,y,2,0) (8v ) 1
— “—+veVy|=—Vp+—(VXB)xXB
Po"‘pl(X,y’Z,f) 10 8t p 0( )
B,+ B, (x,y,z,1)
4 .
Left-hand side:
(av aVl (x’y7Z3 t) o
p W'FV’VV)—» (po“‘pl(X,y,Z,f)) ot +(v1 (X,y,Zaf)) Vvl (x,y,Z,t)
2nd-order 2nd-order
D1 01':. 0 D1 01.:- 0
o v, (xéi),z, 1)




/Right-hand side:

—Vp+l1L(VxB)><B

_> _V(p0+p](.x,y,z,l'))+/}[VX(B0+B1(x,y,Z,t))]X(B0+Bl(x,y,z,t))
0
I I

( Do 1S constant) (B0 is constant) ond-orde

(1, O1=0

—p — Vp, (x,y,z,t)+lul(v XBl(x,y,z,t)) X B,
0

’ ot
Right-hand side J Linearized momentum equation

~

Left-hand side
_\ . dv, (x,y,2,1) _ Vp, (x,y,2,1) +,11 (V x B, (x,y,2,0) x B,
0
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