
d A x, y, z, t = ∂A∂x d x +
∂A
∂y d y +

∂A
∂z d z +

∂A
∂t d t

Lagrangian derivative vs. Eulerian derivative

∴ d A
d t =

∂A
∂x

d x
d t +

∂A
∂y

d y
d t +

∂A
∂z

d z
d t +

∂A
∂t

d t
d t

= ∂A∂x vx +
∂A
∂y vy +

∂A
∂z vz +

∂A
∂t

= vx ∂
∂x + vy

∂
∂y + vz

∂
∂z A + ∂A∂t

= ∂A∂t + v • ∇ A

total differential

d
dt  

 t + v •



proton's momentum equation (nonlinear term v p •  v p is neglected):

Add both equations...

Momentum eq. in MHD
(simplified version)

PMHD
≡ Pp + Pe: total gas pressure

Conservation of total momentum via collision

collisional force (<= microscale electric field characterized by LD)
= change in momentum (relative velocity) per unit time

electron's momentum equation (nonlinear term ve •  ve is neglected):

Momentum equation in MHD (simplified version)

ρMHD ∂
∂t v

MHD = jMHD × B – ∇ PMHD

Fc
p – e

Fc
e – p

n M v p
 t = –  Pp + n e E + v p  B + fc

p – e

n m ve
 t = –  Pe – n e E + ve  B + fc

e – p

n 
 t M v p + m ve = n e v p – ve  B –  Pp + Pe

jMHD  n e v p – ve : current density

two-body model





~ 2  c
p – e

~ 2 c
e – p

v p – v e

– v p – ve

ve – v p

– v e – v p

macroscale electric field (e.g. – v  B)

fc
p – e ≈ – n M v p – ve

c
p – e

fc
e – p ≈ – n m v

e – v p
c
e – p

fc
e – p + fc

p – e = 0   c
e – p = m

M c
p – e



Nonlinear term of flow velocity: v •  v

1st-order and even higher-order 
terms of 

m
M

1st-order term of 
m
M

based on the 0th-order (mM ) approximation

Momentum eq. in MHD

ρ p v pk ∂
∂xk

v p i + ρe vek ∂
∂xk

ve i = n M vpk ∂
∂xk

v p i + m
M vek ∂

∂xk
vei = n M vpk ∂

∂xk
v pi m

M

0

+ O m
M

1

ρMHD vMHDk ∂
∂xk

vMHDi = n M + m M vpk + m vek
M + m

∂
∂xk

M vpi + m vei
M + m

ρMHD ∂
∂tv

MHD + vMHD•∇ vMHD = jMHD× B – ∇PMHD

 p v pk 
xk

v pi + e vek 
xk

ve i ≈ MHD vMHDk 
xk

vMHDi

= n M vpk + m
M vek 

xk

v p i + m
M vei

1 + m
M

= n M vpk 
xk

v pi m
M

0
+ O m

M
1
, m
M

2
, ...


